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Abstract
We study the mixing problem of the determinant like operators in ABJM theory to two loop
order in the scalar sector. The gravity duals of these operators are open strings attached to the
maximal giant graviton, which is a D4-brane wrapping a CP2 inside CP3 in our case. The anomalous
dimension matrix of these operators can be regarded as an open spin chain Hamiltonian. We provide
strong evidence of its integrability based on coordinate Bethe ansatz method and boundary Yang-
Baxter equation.
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1 Introduction
In recent years, a lot of progresses have been made in applying techniques of integrability to pla-
nar AdS5/CFT4 correspondence between IIB superstring theory on AdS5 × S
5 and four dimensional
N = 4 super Yang-Mills (SYM) theory, see [1] for a collection of reviews. Among all these notable
progresses, spin chains or strings with periodic boundary condition are mostly studied and understood
very well. People are also interested in non-periodic cases, including twisted boundary conditions, see
for example [2,3] and open boundary conditions [4–8]. See [9,10] as reviews for these interesting topics.
In 2008, another example of AdS/CFT was proposed in [11], where the authors gave very strong
evidence that type IIA string theory on AdS4 × CP
3 background is dual to N = 6 superconformal
Chern-Simons matter theory (also known as Aharony-Bergman-Jafferis-Maldacena(ABJM) theory) in
three dimensional spacetime with gauge group U(N)×U(N) and Chern-Simons levels (k,−k). The ’t
Hooft coupling of ABJM theory turns out to be λ = N/k. People usually call this dual as AdS4/CFT3
correspondence or ABJM/AdS4 × CP
3 correspondence. Integrable structure in this setup was also
extensively studied [12].
Along similar path, many studies on non-periodic integrable cases re-emerged in the context of
ABJM theory [13–17]. However, there are still some potential integrable setups have not been inves-
tigated in the AdS4/CFT3 case, such as integrable Wilson loops [18–20] and integrability from giant
gravitons [8,21] found in the N = 4 SYM theory. In the SYM context, determinant like operators are
dual to open strings attached to D-branes wrapping cycles in S5. In the gravity side, such D-branes
wrapping some cycles and carrying some angular momentum are usually called giant gravitons. In
the context of N = 4 SYM, integrablity of open chain from giant gravitons have been studied exten-
sively [8,21–25]. However such integrable structure from the giant gravitons in the AdS4/CFT3 [26–28]
case has not been explored as far as we know, though the the plane wave limit in both sides are studied
in [29]. In this paper, we would like to take a first step to fill these gaps. We study the anomalous
dimension matrix of the determinant like scalar operators in ABJM theory up to two-loop order in
the scalar sector. The anomalous dimension matrix can be viewed as the Hamiltonian of an open spin
chain. Using the coordinate Bethe ansatz method, we calculate the reflection matrix for fundamental
excitations of this open chain. Based on the known bulk two body S-matrix, it is not hard to verify
that the boundary Yang-Baxter equations (reflection equations) are satisfied, hinting that this open
spin chain is integrable.
The outline of this paper is as follows. In section 2, we introduce the determinant like scalar
operators in ABJM theory. To study the mixing problem, we calculate their two point functions to
two-loop order, giving the Hamiltonian of an open spin chain. In section 3, we compute the reflection
matrix of this open spin chain through the coordinate Bethe ansatz method. Borrowing the two body
S-matrix in the bulk from the previous result in [30], we confirm that the boundary Yang-Baxter
equations (reflection equations) are satisfied. In the last section, we conclude and briefly discuss some
possible problems for further studies.
2 Open spin chain in ABJM theory
2.1 Determinant like operators in ABJM theory
We begin with a very brief review of determinant like operators in ABJM theory. In ABJM theory, the
scalar fields (A1, A2, B
†
1, B
†
2) transform in the fundamental representation of the SU(4) R-symmetry
group. We make the following identification,
(A1, A2, B
†
1, B
†
2) = (Y1, Y2, Y3, Y4). (2.1)
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Using the conventions of [31], the action of ABJM theory can be written as
S =
∫
d3x(LCS + Lk − VF − VB),
LCS =
k
4π
εµνρtr
(
Aµ∂νAρ +
2i
3
AµAνAρ − Aˆµ∂νAˆρ −
2i
3
AˆµAˆνAˆρ
)
,
Lk = tr(−DµY
†
I D
µY I + iΨ†IγµDµΨI),
VF =
2πi
k
tr
(
Y †I Y
IΨ†JΨJ − 2Y
†
I Y
JΨ†IΨJ + ǫ
IJKLY †I ΨJY
†
KΨL
− Y IY †I ΨJΨ
†J − 2Y IY †JΨIΨ
†J + ǫIJKLY
IΨ†JY KΨ†L
)
,
VB = −
4π2
3k2
tr
(
Y †I Y
JY †J Y
KY †KY
I + Y †I Y
IY †J Y
JY †KY
K + 4Y †I Y
JY †KY
IY †J Y
K
− 6Y †I Y
IY †J Y
KY †KY
J
)
.
(2.2)
Covariant derivatives are defined as
DµY
I = ∂µY
I + iAµY
I − iY IAˆµ, DµY
†
I = ∂µY
†
I + iAˆµY
†
I − iY
†
I Aµ
DµΨI = ∂µΨI + iAµΨI − iΨIAˆµ.
(2.3)
In this paper we focus on the determinant like operators
OW = ǫa1...aN ǫ
b1...bN (A1B1)
a1
b1
...(A1B1)
aN−1
bN−1
W aNbN , (2.4)
with
W = Y I1Y †J1 · · ·Y
ILY †JL . (2.5)
It was suggested in [29] that the dual descriptions of these operators are open strings attached to the
giant graviton D4-brane wrapping a CP2 inside CP3. The operator with W = A1B1 is dual to the
D4-brane itself.
As discussed in [8], open spin chain corresponding to determinant like operators in N = 4 SYM
has nontrivial boundary conditions. One may expect that there are similar boundary conditions in the
case of open spin chain in ABJM theory. To show this, we compute the tree level two-point function.
The operator OW and its conjugate O¯W can be rewrite as
OW =
1
(N − 1)!
ǫ
[I]N−1c
[J ]N−1a
ǫ
[K]N−1b
[L]N−1c
A
[J ]N−1
[I]N−1
B
[L]N−1
[K]N−1
W ab ,
O¯W =
1
(N − 1)!
ǫ
[M ]N−1f
[S]N−1d
ǫ
[Q]N−1e
[P ]N−1f
A¯
[P ]N−1
[Q]N−1
B¯
[S]N−1
[M ]N−1
W¯ de .
(2.6)
Here we use the shorthand notations
A = A1, B = B1, A¯ = A
†
1, B¯ = B
†
1,
[I]N−1 = I1...IN−1, A
[J ]N−1
[I]N−1
= AJ1I1 ...A
JN−1
IN−1
.
(2.7)
In the ’t Hooft limit of large N with a fixed ratio λ = N/k, we need to distinguish two cases.
When Y I1 6= A and Y †JL 6= B, we get
〈OW O¯W 〉 ∼
1
(N − 1)!2
(N − 1)!2ǫ
[I]N−1c
[J ]N−1a
ǫ
[K]N−1b
[L]N−1c
ǫ
[L]N−1f
[K]N−1d
ǫ
[J ]N−1e
[I]N−1f
〈W ab W¯
d
e 〉
=(N − 1)!4N〈tr(WW¯ )〉
∼(N − 1)!4N2L+2.
(2.8)
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Here we have omitted the spacetime dependence explicitly because they can be easily put back at the
end of the calculation. When Y I1 = A or Y †JL = B the operator factorizes [32,33], so the combinatorics
of contractions is different. For instance, when W = AV we have
OW = detAǫ
[K]N−1b
[L]N−1c
B
[L]N−1
[K]N−1
V cb , (2.9)
and then
〈OW O¯W 〉 ∼ N !(N − 1)!
3N2L = (N − 1)!4N2L+1. (2.10)
A similar analysis applies to the case when Y †JL 6= B. Therefore the mixing between factorizing
operators and non-factorizing operators is suppressed in the large N limit.1 In this paper we only
consider operators with Y I1 6= A and Y †JL 6= B.
2.2 Two-loop open spin-chain Hamiltonian
We now derive the two-loop anomalous dimension matrix for determinant like operators in the ’t Hooft
limit. We need to consider the mixing of two operators
W = Y I1Y †J1 · · · Y
ILY †JL,
¯˜W = YMLY †NL · · ·Y
M1Y †N1 (2.11)
where Y I1 6= A, Y †N1 6= A¯, Y
†
JL
6= B and YML 6= B¯. Keeping one A and one B uncontracted with the
corresponding A¯ and B¯, we get
〈OW O¯W˜ 〉2−loop ∼(N − 1)
2ǫ
[I]N−2ic
[J ]N−2ja
ǫ
[K]N−2kb
[L]N−2lc
ǫ
[L]N−2mf
[K]N−2sd
ǫ
[J ]N−2qe
[I]N−2pf
〈AjiB
l
kA¯
p
qB¯
s
mW
a
b
¯˜W de 〉2−loop
=(N − 2)!2(N − 1)!2δqejaδ
ic
pfδ
mf
lc δ
kb
sd〈A
j
iB
l
kA¯
p
qB¯
s
mW
a
b
¯˜W de 〉2−loop.
(2.12)
Contractions of the generalized Kronecker deltas give
〈δqejaδ
ic
pfδ
mf
lc δ
kb
sdA
j
iB
l
kA¯
p
qB¯
s
mW
a
b
¯˜W de 〉2−loop
=(N − 2)〈tr(W ¯˜W )tr(AA¯)tr(BB¯)− tr( ¯˜WWB¯B)tr(AA¯)− tr(AA¯W ¯˜W )tr(BB¯) + tr(WB¯B ¯˜WAA¯)〉2−loop
+ 〈tr(W ¯˜W )tr(ABB¯A¯)− tr(WB¯A¯AB ¯˜W )− tr(W ¯˜WABB¯A¯) + tr(WB¯A¯)tr(AB ¯˜W )〉2−loop.
(2.13)
One can check that in the large N limit the first, second and third terms in the second line give
bulk, right and left boundary contributions respectively, and the contributions from other terms are
suppressed. For example, one part of the leading contribution from the second term corresponds to
the contraction
− (N − 2)〈tr( ¯˜WWB¯B)〉connected, 2−looptr(AA¯) ∼
N2L+6
k2
. (2.14)
Note that the contraction between A and A¯ gives a factor N2(N − 1)−1, here the factor (N − 1)−1 is
from avoiding repeatedly counting of contractions. The Hamiltonian of the bulk part the open chain
is the same as that of the closed spin chain which was derived in [34, 35]. We need to consider the
boundary contributions. We first focus on the left boundary corresponding to the term
〈−tr(AA¯W ¯˜W )tr(BB¯)〉2−loop → 〈−tr(AA¯Y
I1Y †J1Y
M1Y †N1)〉2−loop. (2.15)
Contributions from wave function renormalization (self-interactions) are proportional to δI1N1 and
thus flavor blind. Because Y I1 6= A and Y †N1 6= A¯, contributions from gluon exchange and fermion
exchange are also flavor blind. We only need to consider contribution from sextet scalar potential VB.
Then we get
1This can be checked at two-loop order by a simple large N counting.
3
H ′left =
λ2
2
(
1
2
δI1J1δ
M1
N1
+ 2δM11 δ
1
J1
δI1N1 − δ
I1
N1
δM1J1 + Cδ
I1
N1
δM1J1
)
. (2.16)
Here the normalization is fixed by comparing with bulk Hamiltonian from sextet scalar potential. The
constant C comes from the contributions from gluon exchange, fermion exchange and self-interactions.
An analogous discussion applies to the right boundary. We will show in Appendix A that the anoma-
lous dimension of the operator with W = (A2B2)
L is zero in the large N limit, which allows us to
determine the sum of the constant C and a similar constant from the right boundary. At the end the
total Hamiltonian is given by
H =λ2
2L−3∑
l=2
(
I− Pl,l+2 +
1
2
Pl,l+2Kl,l+1 +
1
2
Pl,l+2Kl+1,l+2
)
QA1 Q
B
2L
+ λ2QA1
(
I+
1
2
K1,2 − P1,3 +
1
2
P1,3K1,2 +
1
2
P1,3K2,3
)
QA1Q
B
2L
+ λ2QB2L
(
I+
1
2
K2L−1,2L − P2L−2,2L +
1
2
P2L−2,2LK2L−2,2L−1 +
1
2
P2L−2,2LK2L−1,2L
)
QA1 Q
B
2L + λ
2(I−QA¯2 )Q
A
1 Q
B
2L + λ
2(I−QB¯2L−1)Q
A
1 Q
B
2L
(2.17)
where the trace operator K and permutation operator P are defined as
(Kij)
IiIj
JiJj
= δIiIjδJiJj , (Pij)
IiIj
JiJj
= δ
Ij
Ji
δ
Ij
Ji
, (2.18)
and the Q operators are defined as [8]
Qφ|φ〉 = 0, Qφ|ψ〉 = |ψ〉, for ψ 6= φ. (2.19)
Half of the 12K1,2 (
1
2K2L−1,2L) term in (2.17) comes from the third (second) term in (2.13), and another
half comes from the first term in (2.13).
3 Integrability from coordinate Bethe ansatz
In this section we discuss the integrability of the above open spin chain in the framework of coordinate
Bethe ansatz. The reflection equations are necessary conditions for the integrability of the open spin
chain Hamiltonian. We want to know whether the boundary reflection matrices satisfy the reflection
equations or not.
The vacuum of this open chain is chosen to be
W = (A2B2) · · · (A2B2). (3.1)
The one-particle excitations include
bulk odd site (A2B2) · · · (A1B2) · · · (A2B2) (3.2)
(A2B2) · · · (B
†
1B2) · · · (A2B2) (3.3)
bulk even site (A2B2) · · · (A2B1) · · · (A2B2) (3.4)
(A2B2) · · · (A2A
†
1) · · · (A2B2) (3.5)
left boundary (B†1B2) · · · (A2B2) (3.6)
right boundary (A2B2) · · · (A2A
†
1). (3.7)
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We denote the open chain as (1)(2) · · · (x) · · · (L) with every site (x) containing two fields. Then the
above excitations can be simply denoted as
|x〉A1 , 2 ≤ x ≤ L,
|x〉
B
†
1
, 1 ≤ x ≤ L,
|x〉B1 , 1 ≤ x ≤ L− 1,
|x〉
A
†
1
, 1 ≤ x ≤ L, (3.8)
where |1〉
B
†
1
is the left boundary excitation state and |L〉
A
†
1
is the right boundary excitation state while
all others are bulk one-particle excitation state.
Let us begin with
|k〉
B
†
1
=
L∑
x=1
f
B
†
1
(x)|x〉
B
†
1
, (3.9)
where
f
B
†
1
(x) = F
B
†
1
eikx + F˜
B
†
1
e−ikx. (3.10)
On the states |x〉
B
†
1
, the Hamiltonian acts as follows
H|x〉
B
†
1
= λ2(2|x〉
B
†
1
− |x+ 1〉
B
†
1
− |x− 1〉
B
†
1
), (3.11)
when 2 ≤ x ≤ L− 1, and
H|1〉
B
†
1
= λ2(|1〉
B
†
1
− |2〉
B
†
1
), (3.12)
H|L〉
B
†
1
= λ2(2|L〉
B
†
1
− |L− 1〉
B
†
1
). (3.13)
So we get
H|k〉
B
†
1
= λ2
L−2∑
x=2
(2f
B
†
1
(x)− f
B
†
1
(x− 1)− f
B
†
1
(x+ 1))|x〉
B
†
1
+ λ2(f
B
†
1
(1)− f
B
†
1
(2))|1〉
B
†
1
+ λ2(2f
B
†
1
(L)− f
B
†
1
(L− 1))|L〉
B
†
1
. (3.14)
Then equation
H|k〉
B
†
1
= E(k)|k〉
B
†
1
, (3.15)
leads to the following dispersion relation
E(k) = λ2(2− 2 cos k), (3.16)
and
f
B
†
1
(1) = f
B
†
1
(0), (3.17)
f
B
†
1
(L+ 1) = 0. (3.18)
Since the reflections of B†1 excitation at both sides are diagonal, we define the left reflection coefficient
to be
K
L,B
†
1
= F
B
†
1
/F˜
B
†
1
, (3.19)
and the right reflection coefficient to be2
K
R,B
†
1
= e2ik(L−1)F
B
†
1
/F˜
B
†
1
. (3.20)
2We have taken into account that for every excitation, there are L− 1 bulk sites.
5
They are determined by eqs. (3.17) and (3.18), respectively. The results are
K
L,B
†
1
= e−ik, (3.21)
K
R,B
†
1
= −e−4ik. (3.22)
For the other three excitations, the computations are similar. So we only list the action of the
Hamiltonian, obtained boundary conditions and reflection coefficients. For |x〉A1 , 2 ≤ x ≤ L we have
H|x〉A1 = λ
2(2|x〉A1 − |x+ 1〉A1 − |x− 1〉A1), 3 ≤ x ≤ L− 1 (3.23)
H|2〉A1 = λ
2(2|2〉A1 − |3〉A1), (3.24)
H|L〉A1 = λ
2(|L〉A1 − |L− 1〉A1). (3.25)
This gives
fA1(1) = 0, fA1(L+ 1) = fA1(L), (3.26)
which leads to
KL,A1 = −e
−2ik,KR,A1 = e
−3ik. (3.27)
For |x〉B1 , 1 ≤ x ≤ L− 1, we have
H|x〉B1 = λ
2(2|x〉B1 − |x+ 1〉B1 − |x− 1〉B1), 2 ≤ x ≤ L− 2 (3.28)
H|1〉B1 = λ
2(|1〉B1 − |2〉B1), (3.29)
H|L− 1〉B1 = λ
2(2|L− 1〉B1 − |L− 2〉B1). (3.30)
this leads to
fB1(1) = fB1(0), fB1(L) = 0, (3.31)
then
KL,B1 = e
−ik, KR,B1 = −e
−2ik. (3.32)
Finally for |x〉
A
†
1
, 1 ≤ x ≤ L, we have
H|x〉
A
†
1
= λ2(2|x〉
A
†
1
− |x+ 1〉
A
†
1
− |x− 1〉
A
†
1
), 2 ≤ x ≤ L− 1 (3.33)
H|1〉
A
†
1
= λ2(2|1〉
A
†
1
− |2〉
A
†
1
), (3.34)
H|L〉
A
†
1
= λ2(|L〉
A
†
1
− |L− 1〉
A
†
1
). (3.35)
This gives
f
A
†
1
(0) = 0, f
A
†
1
(L) = f
A
†
1
(L+ 1), (3.36)
and
K
L,A
†
1
= −1, K
R,A
†
1
= e−3ik. (3.37)
With the order of the excitations as A1, B
†
1, A
†
1, B1, the left reflection matrix is
KL =


−e−2ik
e−ik
−1
e−ik

 , (3.38)
and the right reflection matrix is
KR =


e−3ik
−e−4ik
e−3ik
−e−2ik

 . (3.39)
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The two reflection matrices are diagonal in the chosen natural basis. This is quite different from
the results in [17], where the reflection matrices are anti-diagonal in the same basis3. Also notice that
each excitation always has Dirichlet boundary condition on one end of the open chain, and Neumann
boundary condition on the other end. This is different from the SYM case [8,33] where the boundary
conditions are always left-right symmetric. The S-matrix in ABJM theory can be found in [30]. It
satisfies the Yang-Baxter equation
S12(k1, k2)S13(k1, k3)S23(k2, k3) = S23(k2, k3)S13(k1, k3)S12(k1, k2). (3.40)
Now we are ready to check the reflection equations. It can be straightforward to verify that reflection
equations are satisfied
KL2(k2)S12(k1,−k2)KL1(k1)S21(−k2,−k1) = S12(k1, k2)KL1(k1)S21(k2, k1)KL2(k2), (3.41)
KR2(−k2)S21(k2,−k1)KR1(−k1)S12(k1, k2) = S21(−k2,−k1)KR2(−k1)S12(k1,−k2)KR2(−k2). (3.42)
The 12K1,2 and
1
2K2L−1,2L terms in the Hamiltonian (2.17) have no effect in the above calculation.
To understand their role in the coordinate Bethe ansatz, one needs to consider impurities A†2 and B
†
2.
These impurities can be described as bound states of the form φφ†, φ = A1, B
†
1. Although not shown
here, we have checked that the 12K1,2 and
1
2K2L−1,2L terms in the Hamiltonian are necessary in the
construction of the eigenstates involving φφ† scattering and the above bound states using coordinate
Bethe ansatz.
4 Conclusions and discussions
We have obtained the two-loop Hamiltonian of the open spin chain corresponding to the determinant
like operators in ABJM theory which are dual to open strings attached to D4-branes wrapping cycles
in CP3. The Hamiltonian is different from the periodic spin chain only in the boundary terms. Using
the coordinate Bethe ansatz, we present strong evidence that the Hamiltonian may be integrable. In
other words, the giant graviton may provide integrable boundary conditions for the open string. It is
possible to go beyond the two loop order to an all loop prediction which is similar to previous studies
in the SYM context [21, 23] using symmetries as the guide, and could even further to solve the full
open string spectrum through boundary thermodynamical Bethe ansatz and/or Y-system which have
already been done in the SYM case [24,25]. To have a more solid ground for integrability of our two
loop Hamiltonian, it would be better to have an algebraic Bethe ansatz construction [37] as people
have done in the SYM theory [38].
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A Vacuum of the open chain
In this appendix, we show that the anomalous dimension of the operator
O0 = ǫa1...aN ǫ
b1...bN (A1B1)
a1
b1
...(A1B1)
aN−1
bN−1
(
(A2B2)
L
)aN
bN
(A.1)
3A non-supersymmetric flavored ABJM theory was constructed in [36], where the corresponding reflection matrices
are diagonal.
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is suppressed in the large N limit with λ = N/k fixed. As discussed in [39], at two-loop order the
contribution from bosonic D-terms, gluon exchange, fermion exchange from fermionic D-terms and
self-interactions cancel for operators in the SU(2) × SU(2) sector, and the fermionic F-terms do not
contribute to the anomalous dimension. We only need to consider the contributions from bosonic
F-terms [31]
V bosF = −
16π2
k2
tr(A†iB†jA
†kAiB
jAk −A
†iB†jA
†kAkB
jAi
+B†iA
†jB†kB
iAjB
k −B†iA
†jB†kB
kAjB
i).
(A.2)
Using (2.13) one can check that the anomalous dimension of O0 is subleading in 1/N .
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